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PREFACE 
The concept of multiplication rings was introduced by 
Krull, in the year 1925. Later on Noetherian multiplication 
rings were studied by Asano, Krull and Mori. Krull also 
studied non-Noetherian multiplication rings and Mori non 
Noetherian multiplication rings which did not necessarily 
contain an identity element. The study of multiplication rings 
was further carried out by Gilmer, Mott, Butts, Griffin, Wood 
and Anderson. Mott introduced the concept of weak 
multiplication rings, which apparently looked much weaker 
than that of multiplication rings, but he beautifully proved 
their equivalence. 
In 1974, Mehdi introduced the concept of multiplication 
modules. Further in 1976 he introduced weak multiplication 
modules. Later on the concept of multiplication modules was 
developed by many mathematicians including A. Barnard, 
Yong-Hwan Cho, K.R. Sharaf, M.A.K. Hasan, G.M. Low, 
P.F. Smith, and A.G. Naoum etc. 
In the first chapter of dissertation, some basic 
definitions and results, which are needed to prove the results 
of the subsequent chapters, have been given. 
In chapter-II, mUltiplication nngs and weak 
multiplication rings have been studied. Some main results of 
this are as follows: 
(i) If R is a weak multiplication ring, then every 
ideal of R is equal to its kernel. 
(ii) If R is a weak multiplication ring then every 
primary ideal of R is a power of its radical. 
Moreover, equivalence conditions have been obtained in 
Theorem 2.15, which show that a weak multiplication ring is 
a multiplication ring. In the last article of this chapter it is 
shown that: 
(iii) A multiplication ring is generated by idempotents. 
In chapter-III, almost multiplication rings have been 
studied; some main results are as follows: 
(i) If R is an almost mUltiplication nng then for 
each proper prime ideal P of R the ring Rp IS a 
ZPI-ring. Converse is also true. 
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(ii) A ring R is an almost multiplication ring if and 
only if Rp is a multiplication ring for each 
proper prime ideal P of R. 
(iii) If a ring R satisfies condition (F), then R 
satisfies condition (*). 
In chapter-IV, multiplication modules, weak 
multiplication modules and generalized multiplication 
modules are studied. The main results of this chapter are: 
(i) A multiplication R-module M is Noetherian 
(Artinian) if R itself is Noetherian (Artinian). 
(ii) The direct sum of two multiplication modules 
need not be a multiplication module, example 
4.13. 
(iii) Homomorphic Image of a weak multiplication 
module is a weak multiplication module. 
In the last section of this chapter torsion free 
generalized multiplication modules and torsion generalized 
multiplication modules are studied. 
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In Chapter-V, weak principal ideal nngs and weak 
principal ideal modules have been studied. Some main results 
are as follows: 
(i) Let R be a Noetherian ring. Then R is a weak 
principal ideal ring if and only if for any 
maximal ideal P of R, Rp is a weak principal 
ideal ring. 
(ii) Let R be a weak principal ideal ring of type (I) 
with minimal prime ideal P. Let N be a finitely 
generated indecomposable non-Artinian weak 
principal ideal module over R, and let L be a 
finitely generated Artinian module over RIP. 
Then any indecomposable submodule of NEBL is 
a weak principal ideal module. 
iv 
1er-J 
~reliminaries 
CHAPTER-I 
Preliminaries 
1. Introduction 
In this chapter, we collect some important definitions and 
results on rings and modules, which are frequently used in 
the subsequent chapters. 
All rings considered throughout the dissertation are 
commutati ve with identity unless otherwise stated. The 
symbol "e" will allow equality while "<" will indicate proper 
containment, and 'ct-' will mean not contained in. 
2. Definitions and some results on rings and modules 
By an R-module we mean left R-module. 
1.1 Definition: If S is subset of an R-module M, then S IS 
called an R -submodule of M if S is a subgroup of (M, +) 
such that for each XES, rER rXES. 
1.2 Definition: If S is an R-submodule of an R-module M, 
then the quotient group MIS is an R-module with 
module scalar multiplication given by r(m+S)=rm+S. 
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1.3 Definition ([11], p.4) Let M be an R -module and let 
XEM. Then Rx={axlaER} is a submodule of M and is 
called the submodule of M generated by x. 
1.4 Definition ([6], p.I): A ring R is said to be generated 
by idempotents if for every a in R, there exists an 
idempotent e in R such that a=ea. 
1.5 Definition: Suppose M is an R-module, then the set 
I={rERlrm=O for all mEM} is a left ideal of R and is 
called the left annihilator of M. Similarly, we can 
define right annihilator. 
1.6 Definition: Let f:M----)oN be a mappIng of R-module M 
into the R-module N. Then f is a R-homomorphism if 
f(XI+X2) = f(xd+f(x2) 
f(rx) = rf(x) 
where x, Xl, X2 belong to M and rER. 
1.7 Definition: An ideal P in a ring R is said to be a prime 
ideal if whenever abEP, then either aEP or bEP, P;t:R. 
1.8 Definition: An ideal M in a ring R is called a maximal 
ideal if M:t:R, and if for any ideal I of R such that 
MeIeR we have I=M or I=R. 
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1.9 Definition: A commutative ring R with unity element 
1:;t0 in which every non-zero element has an Inverse 
with respect to multiplication is called afield. 
1.10 Definition ([11], p.4): Let M be an R-module. If there 
is a finite subset {X),X2," .. ,xn } of M such that M = 
Rx 1 +RX2+ ..... +Rxn , then we say that M is finitely generated. 
1.11 Definition ([ 11], p.2): A module M satisfies a. c. c. 
(d. c. c.) if every properly ascending (descending) chains 
of submodules of M is finite. 
Examples: 
1. Any finite group satisfies both chain conditions. 
2. The additive group of integers considered as 
Z-module satisfies a.c.c. but not d.c.c. 
1.12 Definition: An R-module M is Noetherian if it satisfies 
a.c.c. 
An R-module M is Artinian if it satisfies d.c.c. 
1.13 Definition ([ 11], p3 8): 
(a) Let M be an R-module, A an ideal of Rand N a 
submodule of M. Set N:A={xlxEM and AxcN}. 
Then N:A is a submodule of M. 
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(b) If Land N are submodules of M, we set L:N = 
{alaER and aNcL}. Then L:N is an ideal ofR. 
The submodule N:A and the ideal L:N are called the 
residual of N by A and the residual of L by N, respectively. 
1.14 Definition ([ 11], p.39): Let M be an R-module. A 
submodule Q of M is primary if for all aER and xEM, aXEQ 
and x~Q imply that allMcQ for some positive integer n. 
1.15 Definition ([11], p. 39): 
A submodule N of an R-module M is irreducible if, for 
submodules L\ and L2 of M, N = LJnL2 implies that either 
LJ=N or L2=N. 
1.16 Definition ([11], p.40): An ideal Q of a ring R is called 
primary if it is a primary submodule of R when considered as 
an R-module. If R has unity, Q is a primary ideal if and only 
if for all a,b E R, ab E Q and b ~ Q implies that all E Q for some 
positive integer n. 
1.17 Definition ([ 11], p.41): Let A be an ideal of a ring R. 
Then radical of A is defined as: 
Rad A = {ala E R and all E A for some positive integer n} 
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Let N be a submodule of an R-module M, then by 
Rad(N) we mean Rad (N:M) 
1.18 Definition ([11], p.55): Intersection of all maximal 
ideals in a ring R is called the Jacobson radical of R. 
1.19 Definition ([11], p.43): Let, A be an ideal of R. A prime 
ideal P of R is called minimal prime divisor of A if AcP and 
there is no prime ideal P' of R such that AcP'<P. 
1.20 Definition: ([22], p.53): Two ideals A and B of a ring R 
are said to be co-maximal if A+B=R. A finite collection 
A .,A2, ••• ,An of ideals of R is co-maximal if each pair is co-
maximal. 
1.21 Definition [1]: Let R be a ring. An ideal A of R is 
called a weak cancellation ideal if ABcAC implies that 
BcC+(O:A). 
A cancellation ideal is an ideal A of R such that the 
condition AB=AC implies that B=C. 
1.22 Definition ([ 16], p.9): A ring R having a unIque 
maximal ideal is called a quasi-local ring. A Noetherian 
quasi-local ring is called a local ring. 
The following theorem is known as Nakayama's Lemma. 
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1.23 Theorem: Let R be a ring with unity and M be a finitely 
generated R-module. If A is an ideal of R such that AM=M 
then A+ann(M)=R. 
1.24 Definition ([ 11], p. 42): A nonempty subset S of R is 
said to be multiplicatively closed if abES whenever a,bES. 
1.25 Proposition ([ 11], p.41): If Q is a primary submodule of 
M then Rad(Q) is a prime ideal of R. If A is an ideal of Rand 
if AcP, where P is a prime ideal of R, then Rad(A)cP. 
1.26 Definition ([ 11], p.42): If Q is a primary submodule of 
M and Rad(Q)=P, we say that Q is P- primary. 
1.27 Definition ([10], p.23): A non-zero R-module M is 
called indecomposable if it is not a direct sum of any two of 
its non-zero submodules. 
1.28 Definition ([ 1 0], p.51): A non-zero R-module M is 
called irreducible (or simp/e) if it has exactly two 
submodules zero and M itself. 
1.29 Definition ([ 1 0], p. 59): The Socle of an R-module M is 
defined as the sum of all minimal (non-zero) submodules of 
M, that is, all submodules of M which are irreducible, we 
shall denote it by Soc (M). 
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1.30 Definition ([ 10], p.52): An R-module M IS called 
faithful if, for any r(:;t:O)ER, rM:;t:O. 
1.31 Definition ([16], p.l0): If M is an R-module, then the 
set of all elements aER such that aM=(O) is called the 
annihilator of the module and is denoted by ann(M). 
1.32 Definition ([ 11], p.199): Let R be an integral domain 
such that every ideal of R is principal then R is called a 
principal ideal domain (P.I.D.). 
Example: 
Ring of integers Z, is a principal ideal domain. 
1.33 Definition ([11], p.206): A ring R is a special primary 
ring if R has a unique maximal ideal M and if each proper 
ideal of R is a power of M. 
1.34 Definition ([19], p.246): A commutative ring R with 
unity is called a principal ideal ring (P.l.R.) if each of its 
ideal is principal. 
1.35 Definition: A module M is called semi-simple if it IS 
the direct sum of simple submodules. 
1.36 Definition ([11], p. 50): Let S be a multiplicatively 
closed set in R. If N is a submodule of M, then 
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Ns = {XIXEM and sXEN for some SES} 
is called the component of N determined by S, or simply the 
S-component of N. Ns is a submodule of M. 
1.37 Definition ([ 11], p.61): Let R be a ring and let M be an 
R-module. Let S be a multiplicatively closed set in R. Let T 
be the set of all ordered pairs (x ,s) where XEM and SES. 
Define a relation '-' on T by (x ,s)-(x' ,s') if there exists t E S 
such that t(sx'-s'x)=O. This is an equivalence relation on T, 
and we denote the equivalence class of (x ,s) by xis. Let S-'M 
denote the set of equivalence classes of T with respect to this 
relation. We can make S-IM into an R-rnodule by setting 
xis + ylt = (tx+sy)/st 
a(x/s) = axis, aER 
The R-module S-IM is called a quotient module. 
Since R may be considered as an R-module we can 
form the quotient module S-'R. An element of S-JR has the 
form als, where aER and SES. We can make S-IR into a ring 
by setting (a/s) (b/t) = ab/st. 
The ring S-IR is called a quotient ring of R. 
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1.38 Definition ([ 11], p.66): Let R be a ring and let S be a 
multiplicative system in R. Let 11 be the homomorphism 
'Il :R~S-lR given by 11 (a)=as/s. 
Then 
1. If A is an ideal of R, denote by S-l A the ideal of 
S-IR generated by 'Il(A). The ideal S-I A is the 
extension of A to S-I R. 
2. If A' is an ideal of S-lR, denote by A' nR the 
complete inverse image of A'under 11. The ideal 
A' nR is the contraction of A' to R 
1.39 Proposition ([11], p. 67): If A is an ideal of R, then 
s-t A* S-J R if and only if AnS is empty. 
1.40 Proposition ([11], P. 67): If A' is an ideal of S-IR, then 
S-I(A'nR)=A' 
Remark: If P is a proper prime ideal of R, then S=R\P is a 
multiplicative system in R. In this case we denote S-IR by Rp 
and call it the quotient ring of R with respect to P. 
If A is an ideal of R we denote extension of A to Rp by 
ARp • However for an ideal A' of Rp , the contraction of A'to R 
will still be denoted by A' nR. 
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1.41 Definition ([11], p.211): If P is a minimal prime divisor 
of an ideal A of a ring R, then ARpnR is called the isolated 
P-primary component of A. 
1.42 Definition ([ 11], p.211): Let A be an ideal of a ring R. 
The kernel of A is the intersection of the isolated P-primary 
components of A, as P runs over the minimal prime divisor of A. 
1.43 Definition: An element x of an R-module M, where R is 
a commutative ring, is called torsion element if there is a 
regular element AER with AX=O. The set of all torsion 
elements T(M) forms a submodule and is called torsion 
submodule of M. A module is said to be a torsion module if 
T(M)=M . Equivalently if every non-zero element of M is 
torsion. 
1.44 Definition: An element x of M is said to be torsion free 
if for every regular element ).,eR with )"x=O implies that ).,=0. 
A module M is said to be torsion free if T(M)=O. 
Equivalently if every non-zero element of M is torsion free. 
1.45 Lemma ([ 10], p. 134): If R is an integral domain; every 
free R-module is torsion free. 
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3. Dedekind domains 
1.46 Definition ([11], p. 135): An integral domain R is a 
Dedekind domain if every ideal of R is a product of prime 
ideals. 
1.47 Definition ([ 11], p. 99): A valuation ring is an integral 
domain V with the property that if A and B are ideals of V 
then either AeB or BeA. 
1.48 Proposition ([11], P.99): For an integral domain V the 
following statements are equivalent. 
(a) V is a valuation ring. 
(b) If ;bEV then either (a)e(b) or (b)e(a) 
(c) If x belongs to the quotient field K of V, then 
either XEV or X-lEV. 
1.49 Definition ([ 16], p.12): A Dedekind domain with only 
one proper prime ideal is called a discrete valuation ring. 
1.50 Definition ([ 11], P. 124): A fractional ideal of a ring R 
is a subset A of the total quotient ring K of R such that: 
(a) A is an R-module, that is, if a,bEA and fER, then 
a-b, raEA. 
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(b) There exists a regular element d of R such that 
dAcR. 
1.51 Definition ([ 11], p. 125): A fractional ideal A of R is 
invertible if there exists a fractional ideal B of R such that 
AB=R. 
1.52 Theorem ([11], p. 135): Let R be a Dedekind domain. 
Then every non-zero proper ideal of R can be written as a 
product of proper prime ideals of R in one and only one way, 
except for the order of the factors. 
1.53 Theorem ([ 11], p. 136): If R is a Dedekind domain, then 
R is Noetherian and every non-zero proper prime ideal of R 
is a maximal ideal. 
By F(R) we denote the set of all non-zero fractional 
ideals of R. 
1.54 Theorem ([11], p. 136): Let R be an integral domain. 
Then R is a Dedekind domain if and only if F(R) is a group 
with respect to multiplication. 
1.55 Theorem ([11], p. 137): An integral domain R is a 
Dedekind domain if and only if every non-zero ideal of R is 
invertible. 
1? 
1.56 Definition ([11], p.205): A nng R is a ZP!-ring if 
every ideal of R can be written as a product of prime ideals 
ofR. 
1.57 Theorem ([ 11], p. 207): The following statements are 
equivalent: 
(a) R is a ZPI-ring. 
(b) R is a Noetherian ring such that for each maximal 
ideal M of R, there are no ideals of R strictly 
between M and M2. 
(c) R is a direct sum of a finite number of Dedekind 
domains and special primary rings. 
1.58 Corollary ([11], p. 209): An indecomposable ZPI-ring 
is either a Dedekind domain or a special primary ring. 
1.59 Definition ([ 11], p. 201): An integral domain R IS an 
almo$t Dedekt'fld domain if for each maximal ideal M of R, 
the ring RM is a Dedekind domain. 
4. Projective and Injective Modules 
1.60 Definition ([10], p. 81): An R-module is called free if it 
has a basis {xdi E I}, Xi EM, such that every element x E M can 
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be written uniquely in the form x == L 1iXi where rj E R and all 
iEI 
but a finite number of rj are zero. 
Example: Any ring R is free as R-module. 
1.61 Proposition ([ 1 0], p.83): Every R-module is isomorphic 
to a factor module of a free module. 
1.62 Definition ([ 11], p.23): A right R-module P IS 
projective if for every diagram 
P 
~f 
M h )N )0 
of right R-modules, where the row M h) N-~) 0 is exact, 
there is a homomorphism g:P~M such that the diagram 
y~ 
M h >N > 0 
is commutative, that is hg=f 
Example: Any free R-module is projective. 
1.63 Theorem ([ 10], p.82): A direct sum ffi I Pi of 
iEI 
R-module is projective if and only if each Pi is projective. 
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1.64 Definition ([10], p. 84): Every R-module is projective 
if and only if R is completely reducible. 
1.65 Definition ([ 10], p. 86): A ring R is called hereditary if 
every ideal of R is projective as R-module. 
Example: (a) Any P J.D. is a hereditary ring. 
(b) The ring of integer is a hereditary ring. 
1.66 Definition ([21], p. 41) A module is said to be uniform 
if intersection of any two of its non-zero submodules is 
non-zero. 
1.67 Definition ([21], p.170) An R-module M is called 
divisible if M=:aM for every regular element a of R, that is, if 
for every x E M and every regular element a of R there exists 
an element y E M such that x=ay. 
Example: Let Z be the ring of integers and Q the additive 
group of rational numbers, then Q is divisible as z-module. 
1.68 Definition ([ 10], p.93): A submodule N of an R-module 
M is called small if, for any submodule L of M, N+L=M, 
implies L=M. 
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1.69 Definition ([ 1 0], p.60): A submodule N of an R-module 
M is called large (essential) if it has non-zero intersection 
with every non-zero submodule of M. 
1. 70 Definition ([7], p.IO): An R-module Q IS called 
injective, if for every diagram 
f O-:t->B 
Q 
of R-modules, where the row O----+)A f )B is exact, there 
is a homomorphism h:B~Q such that the diagram 
O~A~B 
g~~ 
Q 
is commutative, that is g=hf. 
1. 71 Theorem ([21], p.ll): A direct product rI Qi of 
iEI 
R-modules IS injective if and only if each factor Qi IS 
injective. 
1. 72 Theorem ([22], p. 12): A ring R is Noetherian if and 
only if a direct sum of any family of injective R-modules is 
injective. 
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1.73 Definition ([ 10], p. 60): A module N extending M will 
be called an essential extension provided every non-zero 
submodule of N has non-zero intersection with M. In other 
words if MeN, N is an essential extension of M if and only if 
M is large submodule of M. 
1. 74 Definition ([ 1 0], p. 92): Let N be an extension of an 
R-module M. If N is a maximal essential extension of M, 
then N is called an injective hull of M, denoted by ER (M). 
1. 75 Theorem ([10], P. 92): Let N be an extension of an 
R-module M. The following statements are equivalent: 
(a) N is the injective hull of M. 
(b) N is injective R-module and N is an essential extension 
ofM. 
(c) N is a minimal injective extension of M, that is, N is an 
injective R-module such that if MeN'eN and N' is 
injective, then N' = N. 
Example - Let Z be the rIng of integers and Q be the 
additive group of rational numbers. Then Z-module Q is the 
injective hull of Z as Z-module. 
17 
rer-2 
CHAPTER-II 
Multiplication Rings 
1. Introduction 
Let R be a commutative ring with an identity. An ideal 
A of R is called a multiplication ideal if for every ideal BcA 
there exist an ideal C such that B=AC. A ring R is called a 
multiplication ring if all its ideals are multiplication ideals. 
It is shown in the Theorem 2.1 that in a quasi-local ring 
every multiplication ideal is principal. Multiplication ideals 
are then studied outside the quasi-local case. In the third 
section of this chapter we study some equivalent conditions 
for a ring to be a multiplication ring. In particular, Theorem 
2.15 shows that R is a multiplication ring if and only if it 
satisfies the condition that AcP, where A is an ideal of Rand 
P is a prime ideal of R, implies that there exists an ideal C of 
R such that A=PC. The rings satisfying this condition are 
called weak multiplication rings. 
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Finally the existence of idempotent in a multiplication 
nng is studied. Corollary 2.18 shows that a multiplication 
ring is generated by idempotents. 
2. Multiplication ideals 
In 1976, D.D. Anderson [1] proved the following 
Theorem: 
2.1 Theorem [1]: In a quasi-local nng every 
multiplication ideal is principal. 
Proof: Let (R,M) be a quasi-local nng and A be a 
multiplication ideal in R. Suppose that A=1:(xa). Then, as A 
is a multiplication ideal therefore (xa)=ALa for some ideal 
La. Hence 
If L:La=R then Lao = R for some index <lo because R is 
quasi-local. In this case A = ALa = (xa ). Therefore A is a 
(j 0 
principal ideal. If ELa:;tR, then A=MA. Suppose that O;t:xEA. 
Then there exists an ideal C such that (x)=AC. But then, 
(x)=AC=(MA)C=M(AC)=M(x) 
So x=O by Nakayama's Lemma. This completes the proof. 
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The above Theorem yields that a quasi-local 
multiplication ring is a principal ideal ring and hence either a 
discrete valuation ring or a special principal ideal ring. 
The next theorem is a generalization of above theorem. 
First we prove the following Lemma. 
2.2 Lemma [1]: Let A be an ideal in a ring R such that (O:A) 
is contained in only finitely many maximal ideals M I, .. , Mn 
of R. If AM. is a principal ideal in R M . for i=l, ... , n , then A I I 
is a principal ideal in R. 
Proof: Let AM. =(xJM. where xjEA. If M is a maximal ideal 
I I 
of R distinct from M), ..... Mn then AM=OM' Hence 
AM=(x), .... ,Xn)M for all maximal ideals M of R, so that 
Then A=(v) locally and hence globally. This completes the 
proof. 
2.3 Theorem (1]: Let A be a multiplication ideal in a ring R 
such that (O:A) is contained in only finitely many maximal 
ideals of R. Then A is a principal ideal. 
Proof: Proof follows from Lemma 2.2 and the fact that 
multiplication ideals are locally principal. 
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2.4 Corollary [1]: Let R be a semi quasi-local ring and A 
an ideal in R. Then the following statements are 
equivalent: 
(a) A is a multiplication ideal. 
(b) A is a locally principal ideal. 
(c) A is a principal ideal. 
Now the following theorem characterizes finitely 
generated multiplication ideals. 
2.5 Theorem [1]: For an ideal A in a commutative ring R, 
the following conditions are equivalent: 
(a) A is both a multiplication ideal and a weak 
cancellation ideal. 
(b) A is a finitely generated multiplication ideal. 
(c) A is finitely generated and locally principal. 
Proof: (a )=>(b ) 
Suppose that A=:L(xa). Then (xa) cA implies that (xa) = 
ALa so that AR=A=:L(xa)=:LALa=A(:LLa). Since A is a weak 
cancellation ideal therefore R=(:LLa)+(O:A). Because R has 
an identity R=LI+'" ............. +Ln+(O:A) for some finite 
subset {LJ, ... '" ... , Ln} of {La}. Hence 
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A=A(L}+ ....... +Ln+(O:A))=(x})+ ............ +(xn). 
So that A is finitely generated. 
(b )=>( c) follows from Theorem 2.1. 
(c) =>(a) is given by McCarthy [13]. Briefly, if (c) 
holds, then (a) holds locally and hence globally since A is 
finitely generated. 
3. Weak Multiplication rings 
In this section of the chapter we study some equivalent 
conditions for a ring to be a multiplication ring. 
2.6 Definition ([11], P.210): A ring R is called weak 
multiplication ring if AcP where A is an ideal of Rand P is a 
prime ideal of R implies that there exists an ideal C of R such 
that A=PC. 
2.7 Proposition ([11], P.210): Let R be a weak 
multiplication ring. If P is a maximal ideal of R, then there 
are no ideals of R strictly between p and p2. 
Proof: Suppose on contrary that there is an ideal A of R such 
that P2cAcP where P is a maximal ideal of R. Therefore by 
the definition of weak mUltiplication ring there exists an 
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ideal C of R such that A=PC, and CaP. Let c E C\P; since (c) 
eC we have P(c)e PC=A. Therefore, 
P(P+( c ))=p2+p( c )eA 
Since P is maximal, P+( c )=R. Therefore PeA which 
contradicts the fact that AeP. Hence our assumption was 
wrong. Therefore there are no ideals of R strictly between P 
and p2. This completes the proof. 
2.8 Proposition ([11], P.210): Let R be a weak 
multiplication ring. If M is a maximal ideal of R and if P is a 
prime ideal of R such that PeM, then p=nc:()n==l Mn and P=MP. 
Proof: See ([ 11], p.21 0). 
Now we state following results, which are instrumental 
for the further development of the subj ect. 
2.9 Lemma ([ 11], p.43): Let A be an ideal of R and suppose 
that AeP where P is a prime ideal of R. Then P contains a 
minimal prime divisor of A. 
2.10 Proposition ([11]. P-69): If A is an ideal of R and As 
is the S-component of A, then S-l Af'tR = As. 
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2.11 Proposition ([11], P-211): If R IS a weak 
multiplication ring then every ideal of R is equal to its 
kernel. 
Proof: Let A be ideal of R and let A * be the kernel of A. 
Suppose on contrary that A*A * and aEA *\A. Consider the 
ideal B=A:(a). Let M be a minimal prime divisor of B. Now, 
since AcB therefore M contains a minimal prime divisor P of 
A by Lemma 2.9. If P=M then aEARMnR; (ARMnR is the 
isolated M-primary component of B) hence, by Proposition 
2.10 there exists sER\M such that a s EA. But then sEA:(a) 
eM which is a contradiction. Therefore PcM. Since R is a 
weak multiplication ring therefore dim R~l, hence M must be 
maximal. Now by proposition 2.8 it follows that p=n<X) n=1 Mn 
and P=MP. Since BcM there is an ideal C of R such that 
B=MC. If C c B then, 
It is not possible because M is the minimal pnme 
divisor of B. Therefore CetB. Thus C(a)etA. Since aEA·cP 
we have C(a)cP, and so there is an ideal D of R such that 
C(a)=PD. Hence, 
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C(a)=MPD=MC(a)=B(a)eA. 
This is a contradiction. Hence our assumption was wrong and 
result follows. This completes the proof. 
2.12 Theorem ([11], P-211): If R is a weak multiplication 
ring, then every primary ideal of R is a power of its radical. 
Proof: See ([11].P.212). 
2.13 Proposition ([11], P-212): Let R be a weak 
multiplication ring. If P is a prime ideal of R which is not 
maximal, then p=p2. 
Proof: Let on contrary P:;t:p2 and a E P\P2. Let M be a maximal 
ideal of R such that PeM. Then P is the only minimal prime 
divisor of (p2+(a» M. Since in a weak multiplication ring 
every ideal is equal to its kernel (Proposition 2.11), we have 
(p2+(a» M = (p2+(a» MRp nR. 
=(p2+(a» Rp nR since MRp=Rp 
= p2+ (a) 
Hence, a= b+ac for some bE p2 and c EM. Since p2 is equal to 
its kernel, it is P-primary. Hence a(1-c)EP2 and a~p2 
implies that 1-cEPeM. Thus 1 EM, which is not true. Hence 
our assumption was wrong and result follows. 
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2.14 Proposition ([11], P-213): Let R be a weak 
multiplication ring, let A be an ideal of R, and let P be a 
minimal prime divisor of A. Let pn be the isolated P-primary 
component of A. If pn "* pn+l, then P does not contain the 
intersection of the remaining isolated primary components of A. 
All the results obtained under the hypothesis that R is a 
weak multiplication ring hold for multiplication rings. In fact 
every weak multiplication ring is a multiplication ring as 
shown in the following Theorem. 
2.15 Theorem: ([11], P-213): Let R be a nng. The 
following statements are equivalent: 
(a) R is a multiplication ring. 
(b) R is a weak multiplication ring. 
(c) R satisfies the following conditions: 
(i) Each ideal of R is equal to its kernel. 
(ii) Each primary ideal of R is a power of its 
radical. 
(iii) If P is a minimal prime divisor of an ideal A of 
R, if n is the least positive integer such that pn 
is the isolated P-primary component of A, and 
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·'f pn:;i:pn+l then P does not contain the 1 , 
intersection of the remaining isolated primary 
components of A. 
Proof: See ([11], P.2I4). 
4. Idempotents in Multiplication Rings 
Let S be any subset of the multiplication ring A; we use 
S1. to denote the set 
(N:S)={XEA I xSeN}; N is the nilpotents. 
2.16 Lemma [5]: Let x be an element of the multiplication 
that xn=exn for some n. 
Proof: Suppose A is a multiplication rIng and SeA. If yE 
Since (x) cN+ (x) +x1. 
(x) = D (N+(x)+x1.) for some ideal D 
and Dx1. c (x)nx 1. eN, so De (x1.)1. and consequently 
Thus for some q, q E (x1.)1., x-qx EN, 
27 
=N. 
Now, for some integer m, 0= (q_q2)ffi 
Now, X-qffiX=X-qX+q(x-qx)+ .............. +qffi-l (x-q;x.) EN. 
S - m+ ffi - ffi ( m)N 0, x-ex-x-q x eq x-ex-x-q x-e x-q x E . 
Also for any integer t, 
( )( t t) t+I t+I t+l 2 t+I x-ex x -ex = x -ex -ex +e x 
so, that for some integer n, O=(x-exr=xn-exn. 
Thus xn=exn. This completes the proof. 
2.17 Lemma [5]: 
(i) If the prime ideal P is properly contained in M, 
then P=PM. 
(ii) If L=LQ then for each aEL, (a)=aQ, so a=xa 
with XEQ. If QcN then L=O. 
(iii) Every power of a prime ideal P is p-primary. 
28 
(iv) An idempotent ideal L is a multiplication ring 
and ifxEL there exists YEL such that xy=x. 
(v) Let P be pnme properly contained In M. If 
D=noon=l Mn, then P=PD. 
Proof: See [5]. 
2.18 Corollary [5]: A multiplication nng IS generated by 
idempotents. 
Proof: Let YEA. Since A=A 2 there exists x E A such that xy=y 
by lemma (2.17,iv). Let e and n be as in (2.16) then 
This completes the proof. 
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CHAPTER-III 
Multiplication rings as rings in which ideals with 
Prime radical are primary 
1. Introduction 
The concept of multiplication rings introduced by Krull 
[9] is well-known. In this chapter we study multiplication 
rings as rings in which ideals with prime radical are primary. 
A commutative ring R (not necessarily with identity) is 
called an Almost multiplication ring if whenever A and Bare 
ideals of R with A properly contained in B, then there is an 
ideal C of R such that A=BC. An almost multiplication ring R 
in which RA=A for each ideal A of R is called a 
mUltiplication ring. An important property of an almost 
multiplication ring R is that R satisfies the condition (IIC), 
Condition (*) is: An ideal of R with prime radical is primary. 
It is proved in the Theorem 3.1 that, if R is an almost 
multiplication ring then for each proper prime ideal P of R 
Rp is a ZPI- ring. Converse of this result also exists 
(Theorem 3.5). In fact almost multiplication rings are the 
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rings, which are locally multiplication rings, which is proved in 
theorem 3.6. 
In this chapter we also consider flng R satisfying 
condition (F). Condition (F) is: If A and P are ideals of R 
such that P is prime and A is properly contained in P, there is 
an ideal B such that A =PB. Theorems 3.18 and 3.20 show 
that such a ring is an almost multiplication ring. In short 
almost multiplication ring is denoted by AM-ring. 
2. Almost multiplication rings 
3.1 Theorem ([11), P.216): If R is an almost multiplication 
ring then for each proper prime ideal P of R the ring Rp is a 
ZPI-ring. 
Proof: Let P be a proper prime ideal of R. If P is a minimal 
prime divisor of 0 then PRp is the only prime ideal of Rp • 
Thus by ([ll]Ex-5(g)P.75-76) proper ideal of Rp is a power 
of PRp • Thus Rp is a ZPI-ring. Now if P is not a minimal 
prime divisor of O. Let Q be a minimal prime divisor of 0 
contained in P. Then R/Q is an almost Dedekind domain. 
Therefore P/Q is a maximal ideal of R/Q and hence P is a 
maximal ideal of R. Thus dim R~l. Another consequence of 
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the fact that R/Q is an almost Dedekind domain is that nC()n=1 
(P/Qr =0 that is nC()n=l pn C Q. Suppose the containment is 
proper. Then there is a positive integer n such that Q c pn but 
Q<tpn+l. Then since Rad (Q+pn+l)=p, we have Q+pn+l=pn; 
when (P/Q)n+l = (P/Q)n. Since R/Q is an almost Dedekind 
domain, this is not possible. Thus n C()n=l pn = Q. 
If Q' is any other minimal prime divisor of 0 contained 
In P then as above Q' =nC()n=1 pn = Q Thus, Rp has only two 
proper prime ideals PRp and QRp • Therefore, every ideal Rp 
has prime radical and consequently is a prime power. This 
proves that Rp is a ZPI-ring. This completes the proof. 
Converse of this result also exist. We use following 
results. 
3.2 Proposition ([ 11], p. 217) : Suppose that Rp is a ZPI -ring 
for each proper pri me ideal P of R. If Pis a proper prime 
ideal of R such that N(P) is not prime, then Rad (N(P))=P. 
3.3 Proposition ([ 11], p.217): Suppose that Rp is a ZPI-ring 
for each proper prime ideal P of R. If P is a proper pnme 
ideal of R such that N(P) is not prime, then 
(i) P is maximal and minimal, 
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(ii) Rp is a special primary ring,and 
(iii) Each ideal with radical P is a power of P. 
3.4 Proposition ([ 11], p. 218): Suppose that Rp is a ZPI-ring 
for each proper prime ideal P of R. If P is a proper prime 
ideal of R such that N(P) is a prime ideal and P=;t:N(P), then 
(i) Rp is a discrete rank one valuation ring, 
(ii) N(P) is the only prime ideal of R properly 
contained in P, 
(iii) P is maximal, 
(iv) Each ideal with radical P is a power of P,and 
(v) N(P)= noon = ,pn 
Now we have the converse of Theorem 3.1: 
3.5 Theorem ([11], p. 218): If Rp is a ZPI-ring for each 
proper prime ideal P of R, then R is an almost multiplication 
nng. 
Proof: Suppose that Rp is a ZPI-ring for each proper prime 
ideal P of R. Let A be a proper ideal of R such that Rad(A)=P 
is a prime ideal of R. Now by (3.3) and (3.4), A is a power of 
P if either N(P) is not a prime ideal or if N(P) is a prime 
ideal and P=;t:N(P). So we assume that P=N(P). Let Q be a 
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proper pnme ideal of R, which contains A. Then PcQ, and 
N(Q)=N(P)=P. Thus, 
N(Q)cARQrlRcPRQrlR=P, 
this implies that ARQrlR=PRQrlR. Thus by ([ 11] Ex. 5(b), 
P75-76), A=P. Therefore In every case A is a power of P. 
This completes the proof. 
In fact almost multiplication rings are rIngs, which are 
locally multiplication rings. 
3.6 Theorem ([ 11], P. 219): A nng R is an almost 
multiplication ring if and only if Rp is a multiplication rmg 
for each proper prime ideal P of R. 
Proof: Let R be an almost multiplication ring. Then for each 
proper prime ideal P of R, Rp is a multiplication ring by 
Theorem 3.1. Conversely, let P be an arbitrary proper pri me 
ideal of R and assume that Rp is a multiplication ring. Then 
by (2.15) primary ideals in Rp are prime powers and each 
ideal in Rp is equal to its kernel. Thus, in Rp any ideal with 
prime radical is primary. Since primary ideals are prime 
powers, this implies that Rp is an almost multiplication ring. 
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Consequently Rp = (Rp)PRp is a ZPI-ring. Therefore by (3.5), 
R is an almost multiplication ring. This completes the proof. 
3. Rings in which Condition (*) holds 
3.7 Definition [4]: A ring S is called a u -ring if the only 
ideal A of S such that -IA=S is S itself. 
3.8 Theorem [4]: Suppose R is au-ring. Then-
(a) R is idempotent and every proper ideal of R IS 
contained in a proper prime ideal. 
(b) If M is a maximal ideal of R, M is prime and RIM IS a 
field. 
(c) If R is one dimensional and an integral domain, R 
contains an identity. 
3.9 Theorem [4]: Au-ring R satisfies (*) if and only if for 
PEP, a non-maximal proper prime ideal of R, p E pP .. 
To prove the theorem first we state the following 
Theorem. 
3.10 Theorem [4]: A ring R satisfies (*) if and only if R IS 
one of the following: 
(a) a primary domain, 
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(b) a ring, every element of which is nilpotent,. 
(c) a zero-dimensional u-ring, or 
(d) a one-dimensional u-nng In which each 
non-maximal prime ideal P of R has the property 
that if M is a maximal ideal such that P<M<R, and 
if PEP, then pEpM. 
Condition (d) is equivalent to-
(d') R is a one dimensional u-ring and if P is a 
non-maximal prime ideal of R, then, --JA=P implies A=P. 
Proof of Theorem 3.9: Let R be a u-nng satisfying 
condition(*). If M is a maximal ideal containing P then by 
(3.10,d) p=mp for some mEM. If rER-M then we have 
(r-rm)p=O. Thus if A is the annihilator of p, Acz:M. This 
implies P+A has no maximal ideal divisors. Now by (3.8,a), 
P+A=R. Therefore m=q+a where q E P, aE A. Then for aE A, 
ap=O implies that p=mp=( q+a)p=qp+ap=qp and p E pP as 
asserted. 
Conversely, if PEpP whenever p is an element of the 
non-maximal prime ideal P, then to show that R satisfies 
condition (*), we need only show that R has dimension less 
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than or equal to one by (3.10). Suppose that there exists a 
chain P<Q<M<R of prime ideals of R. If q EQ-P then by 
hypothesis q=sq for some SEQ. If then tER-Q, (t-ts)q=O so 
that (t-tS)EpCQ and tEQ since tSEQ. This contradiction 
shows that R has dimension less than or equal to one. This 
completes the proof. 
4. Rings in which condition (F) holds 
Recall the Condition (F): A ring R is said to satisfy 
Condition (F) if whenever A and P are ideals of R such that P 
is prime and A is properly contained in P there is an ideal B 
such that A=P13. 
3.11 Theorem [4]: Suppose D is an integral domain in which 
condition F holds. If D=D2, D is a Dedikind domain. If D=tD 2 
then every non-zero ideal of D is a power of D. 
Proof See[ 4]. 
3.12 Theorem [4]: If P is a prime ideal of a ring R satisfying 
condition (F), if BcP, and if A is a proper divisor of P in R, 
then B=AB and hence B C (\<Y)n=l An. In particular, B c (\oon=1 Rn. 
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Proof: See [4]. 
3.13 Theorem [4]: If a ring R satisfies Condition (F), then R 
sat i s fi esc 0 n d i t ion (*). 
Proof: Let R be a ring satisfying condition (F). Suppose Q is 
an ideal of R such that "Q=P is prime. If P=R, Q is primary. 
If P<R, we suppose Q is not primary so that for some p E P-Q, 
rER-P, PfEQ. Now, let A=Q+(p)P. Then p~A since 
otherwise we would have p=qp(Q) for some q E P. Hence 
for some integer n, which is a contradiction to the assumption 
that p~Q. Hence p~A. Then by (3.12) 
A +(p)= ·[A +(p)] [P+(r)]cA +(p )P+(pr)cA, which is a 
contradiction. Therefore Q is primary for P. Hence R satisfies 
condition (*). This completes the proof. 
3.14 Theorem [4]: If R is a non-idempotent rmg satisfying 
condition (F), then every non-zero ideal of R is a power of R. 
First we prove the following Lemma, which IS 
instrumental for the proof of above Theorem. 
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3.15 Lemma \.4]: If A is an ideal of a ring S such that there 
are no ideals properly between A and A 2 , then the only ideals 
between A and An are A,A 2 , •.•• A n. 
Proof: Without loss of generality we may assume An=(O). If 
A> A 2 then for a positive integer i, there are no ideals 
Ai d Ai+1 Th f ·f AI AI+1 h properly between an . ere ore 1 XE - ,t en 
Ai=A i+l +(x) so that in R/(x), 
Ai/(x) = [A/(X)]i = [A/(X)]i+l = ..... =[A/(x)t=An+(x)/(x) =(x)/(x) 
Hence, Ai=(x). This completes the proof. 
Proof of Theorem 3.14: If rER-R2, then there is no ideal A 
of R such that (r)=RA so that (r) t R that is R=(r) and there 
are no ideals properly between Rand R2.If r is nilpotent then 
Rk=(O) for some integer k. If B is an ideal of R, then RkcBcR 
and then Lemma (3.15) implies that B is a power of R. 
If r is not nilpotent then by (3.10), (3.8) and (3.12), we 
have that R is a domain. Therefore result follows using 
(3.11). This completes the proof. 
Theorem 3.14 determines the structure of non-idempotent 
rings satisfying condition (F). Now, the following results 
give the property of idempotent rings satisfying condition (F). 
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3.16 Lemma [4]: If R is an idempotent nng satisfying 
condition (F), if P is a prime ideal of R, and if A is an ideal 
of R such that Aepn for some non-negative integer n, then 
there exists an ideal B of R such that A=pnB. 
Proof: See [4] 
3.17 Lemma [4]: If M is a maximal ideal of the idempotent 
ring R satisfying condition (F), and if the powers of M 
properly descend, then, p = n(X)n=1 M n is a prime ideal. 
Proof: See [4]. 
3.18 Theorem [4]: If Q is a primary ideal of the idempotent 
nng R satisfying condition (F), then Q IS a power of its 
radical. 
Proof: Suppose, P="./Q. If P=R, then Q=P because R is a 
u-ring. If P is a non-maximal proper ideal, then Q=P by 
3.10 .. If P is a maximal ideal of R then we have two cases: 
Case-I: If Q e n(X)n=1 pn then (3.17) implies that pn=pn+l for 
some positive integer n. I f x E pn Lemma (3.16) gi ves 
(x)=p nB=p2n S=pn(x) so that x=tx for some tEpn. Since trEQ 
for some integer r, X=trXEQ also, and Q=pn. 
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Case-II: There exists an integer n such that Qcpo, QctpO+l. 
Then Q=pnC for some ideal CctP by (3.16). Since Q is 
primary for P, pneQepn and Q=pn. This completes the proof. 
In fact rings satisfying condition (F) are AM-rings, as 
shown in the following Theorems. 
3.19 Theorem [4]: Let R be a ring satisfying condition (F). 
In R the following conditions hold: 
(i ) R sat i s fi e s (*) 
(ii) Every primary ideal of R is a prime power 
(i ii) J f P is a proper prime ideal of Rand if the ideal 
A and the positive integer n are such that Aepn, 
Actpn+1 then there exists an element yER-P 
such that pn=A:(y). 
Proof: Suppose R be a ring satisfying condition (F). Then R 
satisfies condition (*) by (3.13), hence (i) holds and (ii) hold 
in R by (3.14) and (3.18). If R;t:R2 then trivially (iii) holds. 
Now we have to show that if R=R2 then (iii) holds. 
Since pn;t:pn+l, P is a maximal ideal. A=pnB for some 
ideal B such that BctP using (3.16). Now, po-lctpn and pn is 
P-primary. Therefore pn-I BctPO and in particular po-I B> A. If 
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C is the ideal generated by the set B-(PnB), then clearly 
B=(PnB)+C. But P is maximal and BctP so that PnB=PB. 
Hence B=PB+C and we have, 
A<pn- 1 (PB+C)=pnB+pn-lC=A+pn-1C. 
This implies there exists YEB-P, such that pn- l yctA. 
Since YEB-P, pncA:(y)cP. It follows that A:(y) has radical P 
and is therefore a power of P by (i) and (ii). But by choice of 
y, pn-1a::A:(y). Consequently, pn=A:(y). 
This completes the proof. 
3.20 Corolla ry [4]: If P is a pnme ideal of a nng R 
satisfying Condition (F) there are no ideals properly between 
P and p2. 
Proof: Let P2cAcP. Then A has radical P and is therefore 
primary for P. Consequently A is a power of P so that A=P or 
A=p2. This completes the proof. 
3.21 Theorem [4]: A ring S in which (i), (ii) and (iii) of 
Theorem 3.18 hold is an AM-ring. 
Proof: See [4]. 
3.22 Remark [4]: Condition (iii) of 3.19 is equivalent, In 
rings satisfying (i) and (ii), to the following condition: 
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(iv) If P is a minimal prIme ideal of an ideal B, if pn is the 
isolated prImary component of B belonging to P, and if 
P\6pn+ l , then P does not contain the intersection of the 
remaining isolated primary components of B. 
Thus a ring R is a AM-ring if and only if (i), (ii) and 
(iv) hold in R. 
43 
olfu/tiplicatidn olfoduhs 
CHAPTER-IV 
Multiplication Modules 
1. Introduction 
Let R be a commutative rIng with identity. In 1974, 
Mehdi, Fazal [14] introduced the concept of multiplication 
module as: A left R-module M is said to be a multiplication 
module if for every pair of submodules L,N of M, LeN 
implies that there exists an ideal A of R such that L=AN. 
A submodule N of a Module M, which is not equal to M 
over a ring R is said to be a prime submodule of M if AN I eN 
and N 1 ctN implies that AMeN, where A is an ideal of Rand 
N) is a submodule of M. In 1976, Mehdi, F. [15] defined 
weak multiplication module as: A module Mover R is called 
a weak mUltiplication module if NeP, where N is a 
submodule of M and P is a prime submodule of M, implies 
that there exists an ideal A of R such that N=AP. 
In the Lemma 4.14 it is proved that the homomorphic 
image of weak multiplication module is weak multiplication 
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module. In general weak multiplication module need not be a 
multiplication module, example 4.19. 
In the last section of chapter generalized multiplication 
modules are studied. Z(p<X!) IS an example of generalized 
multiplication module which IS not a multiplication module. 
Finally the structure of torsion free general ized 
multiplication modules and torsion generalized modules are 
studied. 
2. Results on Multiplication Modules 
In this section we study some results on mUltiplication 
modules. 
4.1 Lemma [14]: For any multiplication module M all its 
submodules and quotient modules are multiplication modules. 
Proof: Trivial. 
If S is any multiplicative subset of a ring R, then Ms 
denotes the quotient module of M with respect to S. For each 
R-submodule N of M, N e denotes the extension of N and for 
each Rs-submodule L of M s, L C denotes the contraction of L. 
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4.2 Lemma [14]: If M is a multiplication R-module and S IS 
a multiplicative subset of R, then the quotient module Ms IS 
multiplication Rs-module. 
Proof: Consider any two Rs-submodules Nand L of Ms such 
that NcL. Then in M, N~cLc. Since M is a multiplication 
R-module there exists an ideal A of R such that NC=AL c. 
Therefore Ncc=(AL Ct=A cL CC, hence N=A cL. Therefore Ms IS 
multiplication Rs-module. This completes the proof. 
4.3 Lemma [14]: A multiplication R-module M is Noetherian 
(Artinian) if R is itself Noetherian (Artinian). 
Proof: Consider an ascending sequence M t <M 2<... of 
submodules of M. If Ai=(Mi:M)= {adaiER and aiMcMd then 
Mi=AiM and A t <A2< ..... Since R is a Noetherian ring there 
exists an integer n such that An=An+l' Therefore Mn=Mn+J and 
hence M is Noetherian. Similarly by taking R Artinian it can 
be shown that M is Artinian. This completes the proof. 
In 1981, Barnard, A. [2] defined mUltiplication module 
as: An R-module M is a multiplication module if every 
submodule of M is of the form 1M, for some ideal I of R. 
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Clearly this definition is equivalent to the definition given by 
Mehdi, Fazal [14] 
4.4 Proposition [2]: Let M be a multiplication module over a 
ring R and let I be an ideal of R contained in the Jacobson 
radical of R. Then M=IM implies M=O. 
Proof: Given xEM, there is an ideal E of R such that 
Rx=EM. Thus Rx=EM=EIM=IEM=Ix. Therefore, for some 
a E I, x=ax. But I-a is a unit in R. Therefore x=o and hence 
M=O. This completes the proof. 
4.5 Lemma [2]: Let R be a ring. 
(i) Let S be a multiplicatively closed subset of R. 
If an R-module M is a multiplication module, 
then the S-1 R-module S-I M is a multiplication 
module. 
(ii) A finitely generated R-module M is a 
multiplication module if and only if, the Rp-
module Mp is a multiplication module for all 
prime/maximal ideals P of R. 
4.6 Lemma [2]: Let R be a ring and let M be an R-module 
whose annihilator is contained in only finitely many maximal 
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ideals 91\, ..... ,91 n of R. If M911 is a cyclic R% -module for 
I, ... n, then M is a cyclic R-module. 
Proof: See[2]. 
4.7 Proposition [2]: Let R be a semi-local rIng. Then an 
R-module is a multiplication module if and only if, it IS 
cyclic. 
Proof: In view of Lemma 4.5 and 4.6, it is enough to show 
that every multiplication module over a local ring is cyclic. 
Let R be a local ring with maximal ideal 91 and let M be 
a non-zero multiplication module over R. By Proposition 4.4, 
we can choose an element xEM-91M. Then Rx=IM, where I is 
an ideal of Rand Icz::iH. Therefore I=R and so M=Rx. 
4.8 Proposition [2]: A finitely generated module IS a 
multiplication module if and only if, it is locally cyclic. 
4.9 Proposition [2]: Every fi n ite ly generated Arti n i an 
mUltiplication module is cyclic. 
Proof: Let M be a finitely generated Artinian module over a 
ring R, then RI Ann(M) is isomorphic to a submodule of the 
direct sum of finitely many copies of M, and is therefore an 
Artinian ring. Thus Ann(M) is contained in only finitely 
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many maximal ideals of R. Hence the result follows from 
Lemma 4.6 and Proposition 4.8. 
The following Lemma IS instrumental to the further 
development of the subject. 
4.10 Lemma [14]: If M and N are R-modules, where N is 
finitely generated, then MEt>N is a multi pI ication R -mod ule if 
and only if M and N are multiplication R-modules and 
ann(M)+ann(N)= R. 
4.11 Theorem [14]: If M= M,Et>M2Et> .......... Mn is a direct 
sum of finite number of finitely generated modules over a 
nng R, then M is a multiplication R-module if and only if 
each M j is a multiplication R-module and 
ann(M j)+ nj;tj anne Mj) = R. 
Proof: Suppose M IS multiplication R-module then 
M j=A jM=A j(M,EBM 2EB ....... Mn) for some ideal Aj of R. Then 
AjMj=(O) for every j:;ti and Mj=AjM j. Therefore Aj c nj;tj 
ann(Mj) and Aj+ann(Mj)=R. Therefore ann(MJ+nj;tj anne Mj) 
= R. Conversely, suppose that 
ann(M j)+ nj;tj anne Mj) = R. 
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If M' =!VIJEBM2EB ...... EBMi_IEBMi+IEB .... EBMn then M=MjEBM' 
and R=ann(Mi)+ann(M') because ann(M') = nj;tj ann(Mj ). Therefore by 
Lemma 4.10 M is a multiplication R-module. 
4.12 Corollary ([ 14 D: A torsion free multiplication module 
over an integral domain D IS uniform. In particular a 
non-zero vector space V over a filed F, which IS 
multiplication module is of dimension one. 
Proof: Let M be a torsion free, multiplication module over an 
integral domain D. Suppose that M is not uniform. Then it 
has two non-zero submodules NJ and N2 with NlnN2=(O). 
Then N=N(EBN2cM, is a multiplication module. Hence by 
Theorem 4.11 ann(N J)+ann(N2)=D. This is not possible as N ( 
and N2 are both torsion free. The second part follows from 
Theorem 4.11. 
This corollary shows that the direct sum of even two 
copIes of a mUltiplication module need not be a 
multiplication module, which is evident by the following 
example. 
4.13 Example: Any vector space of dimension two is a direct 
sum of two multiplication modules, however it is not a 
multiplication module. 
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3. Weak multiplication modules 
4.14 Lemma ([16], p.50): The homomorphic image of a weak 
multiplication module is a weak multiplication module. 
Proof: Suppose f:M~N is an epimorphism from a weak 
multiplication module M to a module N. If P is a pnme 
submodule of N then tl(P) is a prime submodule of M. 
Therefore if NJcP, then tl(NJ)ctl(P) and hence 
tl(NJ)=Atl(P) for some ideal A of R. Therefore NJ=tl(A)P. 
This proves that N is a weak multiplication module. 
4.15 Proposition [15]: If M is a weak multiplication 
R-module and S is a multiplicatively closed subset of R, then 
the quotient module Ms is weak multiplication Rs-module 
Proof: See[15]. 
4.16 Proposition [15]: IfNI is a weak multi plication module 
and P,P' are prime submodules of M such that P is strictly 
contained in P', then P=(P:M)P'. 
Proof: By definition of weak multiplication module P=AP' 
for some ideal A of R. Now P'c;tP implies that AMeP, that is 
Ae(P: M). Now P=AP'e(P: M) P'eP. Therefore P=(P: M) P'. 
This completes the proof. 
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4.17 Proposition ([16], p.53): Let M be a weak 
multiplication module, P be a prime submodule of M. Then 
there is no submodule strictly between P and AP for any 
maximal ideal A of R. 
Proof: Assume that there IS a submodule N of M such that 
AP<N<P. Then there exist an ideal C of R such that N=CP. If 
CeA, then CPeAP, that is NeAP. If CctA, take c E C\A. Since 
(c)eC then (c)PeCP=N. Now ((c)+A)P=(c)P+APeN. But A is 
maximal therefore (c)+A=R that is PeN. Therefore there is 
no submodule strictly between P and AP. This completes the 
proof. 
4.18 Proposition [15]: Let M be a weak multiplication 
module over a quasi-local ring R, then any prime submodule 
N of M is cycIic. 
Proof: Let P be a maximal ideal of R. Suppose that N=PN. 
Consider any O:;txEN. Then Rx=AN for some ideal A of R. 
Then P(x)=PAN=AN=Rx. This implies that x=px for some 
pEP. Thus x=O, as (l-p) is unit. This is a contradiction, 
hence N:;tPN. Choose xEN\PN then Rx=AN. Now either A=R 
or AeP. If AcP, then Rx=ANePN, a contradiction. Therefore 
Rx=RN=N. Hence N is cyclic R-module. 
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Following are examples of weak multiplication 
modules, which are not multiplication modules. 
4.19 Examples [15]: 
1. Q is a weak multiplication Z-module but not a 
multiplication module. 
2. Let R be a local discrete valuation ring of rank one with 
maximal ideal M. Consider N=R/M EB R as R-module. 
Then N IS a weak multiplication ideal but not 
multiplication ideal. 
Proof: See [15]. 
4. Generalized multiplication modules 
4.20 Definition [18]: A module MR IS said to be a 
generalized multiplication module if for every pair of proper 
submodules K and N of M, KeN implies K=NA for some 
ideal A of R. 
It IS clear from the definition of generalized 
multiplication module that all the proper submodules of a 
generalized multiplication module are multiplication 
modules. 
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4.21 Exam pie [18]: The quasi-cyc1 ic group Z(plXl) i s a 
generalized multiplication module which IS not a 
multiplication module. 
Lemma 4.3 shows that a multiplication module over a 
Noetherian ring is always Noetherian. Such is not the case 
with generalized multiplication modules (example 4.21). But 
if M is a generalized multiplication module over a Noetherian 
ring R having a maximal submodule, then M is Noetherian. 
4.22 Theorem ([ 16], p. 62): If M is a generalized multiplication 
module over a Noetherian ring R having a maximal 
submodule. Then M is Noetherian. 
Proof: Let M be a generalized multiplication module over a 
Noetherian ring having a maximal submodule N. As every 
proper submodule of M is multiplication module, N is 
multiplication module, hence Noetherian. Take O:;tx E M\N. 
Then M=N+(x) and M is Noetherian. This completes the 
proof. 
Now we study Torsion free generalized multiplication 
modules and Torsion generalized multiplication modules. 
4.23 Lem rna [18]: Let M be a faithful general ized 
multiplication module over a Noetherian ring R. Then-
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(i) Either M is finitely generated or every proper 
finitely generated~. d·~sg,\'1ll " 
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submodule of M is 
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(ii) If R=R)EBR2, then M is finitely ge'n~\rated. . . ~ 
',:' ... )/'7 
4.24 Lemma [18]: If M is a generalized m'~&1iti6n' '~. 
module over a domain D, such that M is not a torsion free 
module, then M is a torsion module. 
Proof: Let N be a torsion submodule of M. Now N:;tO and 
MIN is a torsion free module. So if M/N:;tO, we can find a 
proper submodule TIN of MIN. Then N=TA for some 
non-zero ideal A of D. This implies that T is a torsion 
submodule of M and hence N=T. This is a contradiction. This 
proves that M is a torsion module. 
4.25 Lemma [18]: If M IS torsion free generalized 
multiplication module over a domain D, then D is a Dedekind 
domain and M is a uniform D-module. 
Proof: As M is torsion free, D[) is embeddable in M. So Dn is 
a multiplication module and hence D is a Dedekind domain. 
For the other part, suppose M is not uniform. Then we can 
find two non-zero submodules A and B of M such that 
AnB=O and AEBB<M. Then for some ideal C of D, 
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A=(A+B)C, which is not possible. Hence M IS a uniform 
D-module. This completes the proof. 
4.26 Theorem [18]: If M is torsion free generalized 
multiplication module over a domain D which is not a field, 
then either M is a multiplication module isomorphic to an 
ideal of D, or M is isomorphic to the total quotient field Q of 
D and D is a discrete valuation ring of rank one. 
Proof: If M is torsion free generalized multiplication module 
over a domain D, then D is a Dedekind domain and M is a 
uniform D-module (By Lemma 4.25). Thus if M is finitely 
generated then M is isomorphic to an ideal of D, and M is 
multiplication module. So let M not be finitely generated. We 
can regard DcMcQ. 
Let M:;tQ. Then M is not divisible as D-Module, so far 
some a:;tO,Ma:;tM. This gives Ma is finitely generated. Then 
M=:Ma implies that M is finitely generated. This IS a 
contradiction. Hence M=Q. Suppose, D is not a discrete 
valuation ring. Consider any prime ideal P:;tO of D, then 
D<Dp<M=Q. This gives Dp is a finite D-Module; this is a 
contradiction. Hence D is a discrete valuation ring. This 
completes the proof. 
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Gilmer and Mott [4] have proved that any 
indecomposable multiplication ring is either a Dedekind 
domain or a special primary ring. Its consequence is: 
4.27 Lemma [18]: Any Noetherian multiplication ring IS a 
direct sum of Dedekind domains and special primary rings. 
4.28 De fi n it ion [1 8]: A mod u lei s sa i d to be un is e ria I if it 
has a unique composition series. 
4.29 Lemma [18]: Any module over an Artinian principal 
ideal ring is a direct sum of uniserial modules. 
4.30 Lemma [18]: Any multiplication module over an 
Artinian rIng IS a direct sum of finitely many uniserial 
modules. Further if M is a faithful multiplication module 
over a quasi-local ring R, and if R is not a domain, then M is 
uniserial and injective. 
Thus any finite length mUltiplication module over a 
quasi-local ring, is quasi-injective. 
4.31 Theorem [18]: Let M be a faithful torsion generalized 
multiplication module over a Noetherian domain R. Then M 
has an infinite properly ascending chain of submodules 
O=xoR<x\R< ............. <xnR ......... <M 
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module over P/p fl for some n. Then by Lemma 4.30 xR+yR is 
uniserial. Therefore either xRcyR or yRcxR and each xR is 
of finite length. Further if xR+yR=zR=RI A for some ideal A, 
then RIA is a special primary ring with maximal ideal PI A, 
hence all composition factor of xR+yR are isomorphic to RIP. 
This proves the first part. 
Now consider E=ER(M). Then by Matlis ([] 2], Theorem 
A A 
(3.6» E=ER(R/P) is an Rp- module, where Rp is the P-adic 
completion of Rp. Further by Matlis ([12], Theorem (3.7») 
A. 
Rp = HomR (E,E). Since each xnR is quasi injective by Lemma 
4.30, using Johnson an Wong [8] we get that each xnR is an 
A A 
R p - sub module of E. Hence M itsel f is an R p - sub module 
of E. Hence by Johnson and Wong [8], M is a quasi injective 
A 
Rp - module. Consider an annihilator A of M in Rp. Then 
A 
S= R pi A is a complete local ring and R is embeddable in S. 
Further M is a quasi-injective uniform S-module; each xnR 
is an S-module. For each n> 1, let 
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/\. 
Then xnAn=O. The maximal ideal N of S IS P R pi A. By 
([23], Chapter-VIII, Theorem (13)), AncN2 for some n. 
However, by (4.30) SIAn is a special primary ring. Thus S/N 2 
is special primary ring and hence N/N2 is a simple S-module. 
This implies N is principal, and S is a complete discrete 
valuation ring. However every infinite length torsion, 
uniform, module over a Dedekind domain is always injective, 
we get N is injective as an S-module. This completes the 
proof. 
It follows from the above proof that if R is a complete 
local domain, admitting a faithful, torsion generalized 
multiplication module M, then R is a discrete valuation ring 
and M is an injective R-module. 
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CHAPTER-V 
Direct sums of Multiplication Modules 
1. Introduction 
Recently, Surjeet Singh [20] defined weak principal 
ideal ring (in short WPIR) as: A ring R is called a weak 
principal ideal ring if RR satisfies the condition that any 
finitely generated submodules of any homomorphic image of 
M is a direct sum of multiplication modules. More generally 
a module M such that every finitely generated submodule of 
any homomorphic Image of M IS a direct sum of 
multiplication modules is called a WPI-module. Any module 
over a principal ideal ring or over a Dedekind domain is the 
example of WPI-module. 
Theorem 5.6 states that: Let R be a Noetherian local 
ring. Then R is a WPIR if and only if, there exists a 
semi-simple ideal B in R, such that RIB IS a PIR and 
Theorem 5.16 gives the structure of a Noetherian WPIR. In 
the third section of the chapter WPI-modules are studied. 
The structure of WPI-modules IS determined In the 
Proposition 5.26 and Theorem 5.27. 
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All rIngs R considered here are commutative, have 
identity 1:;t0 and all modules are unital right modules, unless 
otherwise stated. 
2. Weak Principal ideal rings 
First we state the following Lemma, which IS used III 
the proof of further results. 
5.1 Lemma [20]: 
(a) Let AI=x1R, A2=x2R be two non-isomorphic 
uniserial modules over a rIng R such that 
d(xIR)=d(x2R)=2, soc(xIR)=SOC(X2R). Then there 
exists a submodule N of Al xA2. Such that 
(AI xA2)/N is a uniform, non-cyclic module of 
composition length 3. Further this module is not a 
multiplication module. 
(b) Let B I and B2 be two local modules over a 
Noetherian local ring R such that for the maximal 
ideal M of R, BjM:;tO, but B jM2=0 for i=l ,2. If one 
of the B j is not uniserial, then B I xB2 has a 
homomorphic image, a uniform module that is not 
a multiplication module. 
Proof: See [20]. 
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S.2 Lemma [20]: Let R be a WPIR. Then there does not exist 
a maximal ideal M such that for some ideal A satisfying 
M 3cAcM 2 , MIA is a direct sum of two uniserial modules 
each of composition length two. 
Proof: Let the contrary hold. Set R = RI A. Then 
M = MI A = x\R EB x 2R, where x\R and x 2 R are two uniserial 
modules of composition length 2. If x\R == x 2R then, 
(xIR)(X2R) = 0 
gives (xIR)(x\R) = 0 
(x}R)M=O 
Hence, xlR becomes a direct sum of two simple 
modules. This gives a contradiction. Therefore by Lemma 5.1 
there exists an ideal Cc M such that M/C is uniform, but is 
not a multiplication module. But this is a contradiction to the 
hypothesis that R is a WPIR. Hence our assumption was 
wrong and result follows. 
5.3 Lemma [20]: Let R be a semi-local, Noetherian WPIR. 
Then for any maximal ideal M of R, M/M 3=EBL j A j , where 
each Ai is a cycl ic module. Further, not more than one Ai is 
non-simple. 
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Proof: See [20]. 
5.4 Lemma [20]: Let R be a local, Noetherian WPIR, with 
maximal ideal M. Then M=AEBB, where A is a principal ideal 
and B is semi-simple. 
5.5 Corollary [20]: Let R be a local WPIR. Then R has a 
semi-simple ideal B, such that RIB is a PIR. 
5.6 Theorem [20]: Let R be a Noetherian local ring. Then R 
is a WPIR if and only if there exists a semi-simple ideal B in 
R, such that RIB is a PIR. 
Proof: Let R be a Noetherian local ring. If R is a WPIR then 
by Corollary (5.5) R has a semi-simple ideal B in R such that 
RIB is a PIR. 
Conversely, suppose R has a semi-simple ideal B in R 
such that RIB is a PIR. Set R = RIB. Let M be a maximal 
ideal of R. Then M=M/B=aR for some aER. Therefore for 
some ideal CcB, M=aREBC. Then MI=aIR and Ml/Mt r I is 
simple for t >2. Also aR/M I is uniserial for t >2. So for t > 1, 
soc(R/Mt+')=Mt/Mt+1 EB C, with Mt/Mt+1 simple. Now consider 
any indecomposable ideal A of R. If AcB, A is simple. Let 
A<tB. Then in R=R/B, A=M ' for some t >1, A+B=Mt+B. 
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t+1 2 S . -R=R/M t + 1, Hence AM=M . Now, suppose t >. 0 In 
A C Mt EB C. As Mt is simple, A:: L EB T for some submodule 
T of C and d( L)~ 1. Let L be the pre-Image of L in R. Then 
A=LEBT. As A is indecomposable, A=L. Thus A is simple. As 
AM=M t +1, A=bR for any bEA\Mt+l. Let t=1. Then 
A+B=aREBC. ]n this case AM=M2 and A=bR for any bEA\M2. 
In any case A being cyclic, is a mUltiplication ideal. Hence 
every ideal of R is a direct sum of multiplication ideals. The 
hypothesis on R is also satisfied by any homomorphic Image 
of R. Hence R is a WPIR. This completes the proof. 
5.7 Corollary [20]: Let R be a local Noetherian WPIR. Then 
either R is Artinian or R has unique prime ideal P, other than 
the maximal ideal of R. In the later case P R is semi-simple. 
Proof: Suppose R is a local Noetherian WPI R. Then by 
Theorem 5.6 R has a semi-simple ideal B such that RIB is a 
PIR. Then RIB is either Artinian or a discrete valuation ring. 
If RIB is Artinian then R is Artinian. If RIB is a discrete 
valuation ring, then P=B is a prime ideal. As p2=0, any prime 
ideal P' contains P. This gives, P is the only prime ideal of R 
other than the maximal ideal. 
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5.8 Theorem [20]: Any Artinian ring in R is a WPIR if and 
only if there exists an ideal B in R such that RIB is a PIR and 
B is semi-simple. 
Proof: Proof follows from Theorem 5.6, as every Artinian 
ring is a direct sum of local rings. 
Following Lemmas are instrumental for the further 
development of the subject. 
5.9 Lemma [20]: If R is a Noetherian WPIR, then for any 
multiplicative subset S of R, Rs is a WPIR. 
5.10 Lemma [20]: Any two non-comparable pnme ideals of 
a WPIR are co-maximal. 
Proof: Suppose R be a Noetherian WPIR. Consider two 
non-comparable prime ideals P and Q of R. Let on contrary 
that P and Q be not co-maximal. So there exists a maximal 
ideal M containing P+Q. Then RM is a local WPIR having two 
non-comparable prime ideals. This is a contradiction to the 
result 5.7. Hence our assumption was wrong. Therefore P and 
Q are co-maximal. This completes the proof. 
5.11 Lemma [20]: Let R be a Noetherian WPIR, and P be a 
prime ideal of R. Then 
(i) RIP is a Dedekind domain. 
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(ii) P is either a maximal ideal or a minimal pnme 
ideal. 
Proof: Obvious. 
5.12 Lemma [20]: Let R be an indecomposable, Noetherian, 
non-Artinian WPIR. Then R has unique minimal prime ideal 
P. Further P is semi-simple. 
Proof: See [20]. 
5.13 (*) Condition [20]: R is a Noetherian nng, having 
unique minimal prime ideal P. Further RIP is a Dedeki nd 
domain but not a field, and P is semi-simple. 
5.14 Lemma [20]: Let a ring R satisfy (*). Then-
(i) for any ideal A<:tP, A= n I Q i for some primary 
ideal Qi with -VQi distinct maximal ideals of R, 
(ii) for any ideal A<:tP, RIA is an Artinian WPIR, 
(iii) for any maximal ideal M of R, RM is a WPIR. 
5.15 Lemma 120]: Let R satisfy(*). 
(a) Let Q be an indecomposable M-primary ideal of R for 
some maximal ideal M and t be the smallest positive 
integer such that Mt+ I cQ. Then 
(i) QM=Mt+1 
(ii) Mt+1 <Q and Q/M t+ 1 is a simple module. 
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(iii) QRM is a multiplication ideal in RM 
(iv) If QcM2 , then R/Q is a principal ideal 
ring if and only if SOCM(P)=O 
(b) Let N be a non-Artinian ideal in R. Then the following 
hold: 
t 
(i) N = n Q;, for ideals Qi with -vQi=Mi distinct 
;:) 
maximal ideals. 
t 
(ii) ann(N)= L soc Mj (P). 
;=1 
(iii) If N is indecomposable, then every Qi IS 
indecomposable and Nn ann(N)=O. 
(c) If for some maximal ideal M of R an M-primary ideal Q 
satisfies (a) (ii), then Q is indecomposable. 
(d) If for some maximal ideal M of R an M-primary Q is 
indecomposable, then for any semi-simple ideal C of R, 
(Q+C)/C is an indecomposable ideal of RIC 
5.16 Theorem [20]: Let R be a Noetherian ring. Then R is a 
WPIR if and only if R=RJEBR2EB ... '" '" .... EBRn such that each 
R j is one of the following types: 
(a) R j is an Artinian ring having a semi-simple ideal B j 
such that R/B j is a PIR. 
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(b) Ri is a non-Artinian ring having a unIque minimal 
prime ideal Pi, Pi is semi-simple and R/P i is a Dedekind 
domain. 
Proof: Let R be a Noetherian nng and also a WPIR. 
Therefore R is a direct sum of indecomposable nngs. If an 
indecomposable summand is Artinian then by Theorem 5.8 it 
satisfies (a). If an indecomposable summand is not Artinian 
then by Lemma 5.12 it satisfies (b). 
Conversely, without loss of generality suppose that R is 
indecomposable. If R satisfies (a) then by (5.8) R is a WPIR. 
Let R satisfy (b). Consider any ideal A of R. If ACZ:P then by 
(5.14) RIA is a WPIR. Suppose AeP. Then RIA satisfies (b). 
So without loss of generality we take A=O. Consider any 
indecomposable ideal B of R. We show that B is a 
mUltiplication ideal. If BeP it is simple and hence a 
l'\ 
multiplication ideal. If BCZ:P then B = n Qj for some ideals Qi 
.=1 
with radicals M j , where Mi, i= 1,2 ....... n are distinct maximal 
ideals. By (5.15) every Qi is indecomposable. Let M be any 
maximal ideal of R. If M:;t:M j for any i, then BM=RM. If M=Mi 
for some i, then BM=QjRM. In any case BM is a multiplication 
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module. Therefore by (4.5, ii) B is multiplication ideal. This 
completes the proof. 
5.17 Lemma 120]: Any module M over a Noetherian ring R is 
semi-simple if and only if Mp is a semi-simple Rp-module 
for every maximal ideal P of R. 
5.18 Theorem [20]: Let R be a Noetherian ring. Then R is a 
WPIR if and only if for any maximal ideal P of R, Rp is a 
WPIR. 
Proof: Let R be a WPIR. Then by (5.16) result follows. 
Conversely, suppose R satisfies the given condition. If R is 
Artinian then obviously R is a WPIR. Suppose R is not 
Artinian, but is indecomposable. Then for any maximal ideal 
M of R, RM is WPIR and therefore does not have more than 
one non-maximal prime ideal. This gives that R has a unique 
non-maximal prime ideal P. Then PeM, by (5.16) PR M IS a 
semi-simple RM-module and RM/PRM is a PIR. So RIP IS a 
Dedekind domain and by (5.17) P R is semi-simple. Therefore, 
R is a WPIR using (5.16). This completes the proof. 
5.19 Theorem [20]: Let M be a finitely generated, 
indecomposable faithful module over a Noetherian ring R. 
70 
Then M is a WPI-module if and only if R is a WPIR and M is 
isomorphic to an invertible ideal of R. 
Proof: See [20]. 
3. Weak principal ideal module 
5.20 Definition [20]: A ring R is called a WPIR of type (I), if 
it is an indecomposab1e, Noetherian WPIR, but is not 
Artinian. 
5.21 Definition [20]: A ring R is called a WPIR of type (II), 
if it is a local Artinian WPIR. 
5.22 Example [20]: Let S be any Noetherian nng, V a 
semi-simple S-module of finite composition length and 
R=SxV. In R, define addition component WIse and 
multiplication by 
(a,x) (b,y)=(ab, ya+xb). 
If S is an Artinian PIR (Dedekind domain), then R is of 
type (II) (respectively (I)). 
Notation: Let R be a WPIR of type (I) and P be its unIque 
minimal prime ideal. Irmax(R) denote the set of those 
maximal ideals M such that SOCM(P):;t:O. Irmax(R) is a finite set. 
5.23 Lemma [20]: Let R be any local Artinian ring I f A and 
B are two uniserial R-modules such that neither embeds in 
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the other, then AEBB is not a WPI-module. If a finite direct 
sum N=EB:LA j of uniserial R-modules is a WPI-module and 
has atleast two Ai'S of composition lengths at least two, then 
R/ann(N) is a special primary ring. 
5.24 Lemma [20]: 
(a) Let R be a WPIR of type (1) and P be its unIque 
minimal prime ideal. Let N be a finitely generated 
indecomposable non-Artinian WPI-module over 
R. Then ann(N)cP and R/ann(N) embeds in N. 
(b) Let R be a WPIR of type (II). If A and B are two 
local R-modules, such that none of them is simple 
and AEBB is a WPI-module, then both the modules 
are uniserial and one of them embeds in the other. 
Proof: (a) Suppose N is a finitely generated indecomposable 
non-Artinian WPI-module over R. Then by (5.19) N is 
isomorphic to an ideal of R/ann(N). But for any ideal Acz::P, 
RIA is Artinian. Hence ann(N)cP. This completes the proof of (a). 
(b) Let A and B be two local R-modules such that none of 
them is simple and AEBB is a WPI-module. If one of the A 
and B is not uniserial then the hypothesis in (b) gives 
homomorphic images C and D of A and B respectively such 
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that CEBD contradicts (5.1). After this (5.23) completes the 
proof. 
5.25 Lemma [20]: Let R be a WPIR of type (I) with minimal 
prime ideal P. Let N be a finitely generated indecomposable 
non-Artinian WPI-Module over R, and K be any finitely 
generated indecomposable module such that NEBK is a 
WPI-Module. 
(a) KP=O 
(b) Let ann(N)*P, then K is Artinian. If K IS 
M-primary for some maximal ideal M, then K IS 
simple whenever M/ann(N) E Irmax(R). 
(c) If L is a finitely generated M-primary module for 
some maximal ideal M such that it is not 
semi-simple and NEBL is a WPI-module. Then 
M/ann(N) ~ Irmax(R/ann(N)). R/ann(L) IS a 
special primary ring and L is a direct sum of 
uniserial modules. Further for any homomorphism 
a of NEBL into any module S, a(N)na(L)=O, 
whenever a(N) is not Artinian. 
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Proof: See [20]. 
5.26 Proposition [20]: Let R be a WPIR of type (I) with 
minimal prime ideal P. Let N be a finitely generated 
indecomposable non-Artinian WPI-Module over R, and L be 
a finitely generated Artinian module over RIP. Then any 
indecomposable submodule of NEBL is a WPI-module. 
Proof: Let C=ann(N). Then NEBL is an RIC - module because 
CcP and LP=O. So without loss of generality we take c=o 
and suppose that N is an ideal of R. Then PeN. 
Let 1tl: NEBL-+N 
1t2: NEBL-+L 
be the projections of NEBL onto Nand L respectively. Let T 
be an indecomposable submodule of NEBL. If 1t,(T) is 
Artinian then TcPEBL. So T is a WPI-module since PEBL is a 
module over RIP. If 1t,(T) is not Artinian then 1t,(T)=AEBB, 
where A is non-Artinian and indecomposable, and B is 
semi-simple. Let D=ann(A). Then A IS a projective 
RID-module. As DcP, T is an RID-module. Now T maps 
onto A therefore T=A. Hence T is a WPI-module. This 
completes the proof. 
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Now the following Theorem states that to determine the 
structure of a Noetherian WPI-module it is enough to study 
finitely generated WPI-modules over an indecomposable 
Noetherian WPIR. 
5.27 Theorem [20]: Let N be a Noetherian faithful module 
over a ring R. Then N is a WPI-moclule if and only if R is a 
t 
Noetherian WPIR such that if R = EBLRi' where R j are 
i=] 
indecomposable and each Nj=NRj IS a WPI-module over the 
indecomposable WPI-ring R j. 
Proof: See [20]. 
5.28 Theorem [20]: Let R be a WPIR of type (I). Then a 
finitely generated R-module N is a WPI-module if and only 
if either R/ann(N) is a special primary ring of N=AEBB where 
A is cyclic and B is semi-simple. 
Proof: Suppose R is a WPIR of type (I) and a fi n itely 
generated R-module N is a WPI-module then the result 
follows from (5 .2) and (5.23) 
Conversely, suppose that N satisfy the given conditions. 
If R/ann(N) is a special primary ring then obviously N is a 
WPI-module and if N=AEBB where A is cyclic and B is 
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semi-simple then any homomorphic image of N is of the 
form CEf3D, where C is cyclic and D is semi-simple. Then it 
can be proved that any indecomposable submodule of CEf3D is 
a WPI-module (as in 5.26). Hence N is a WPI-moduie. This 
completes the proof. 
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